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AnHoranusa

Paccmorpena cets comepxkammasas N y310B u N mpubopoB, mepBOHA-
YaIbHO HAXOMSIIUXCS B y3/1aX. B KaXKIblil y3eJ IOCTyIaeT MyaCCOHOBCKUit
MOTOK 3asIBOK MHTEHCUBHOCTHU A(t). 3asBKa, MONaBIIasa B MyCTOH y3e1, 11o-
Kugaer cucreMmy. Eciu B y3je ects mpubOphbl, TO U3 HUX PABHOBEPOSTHO
BeIOMpaeTcsa mpubOpP, KOTOPHIN 3a0upaeT 3asBKY W IMEPEMEIIAET €€ B CIIy-
JaifHbIi y3es1, KOTOPHIil BRIOMpaeTcs: paBHOBEPOSITHO. Bpewmst epemerieHnst
pacIipe/ie/IeHO IKCIOHEHIMAJIBHO €O cpejgHuM 3HadeHueMm 1. Yucio obciy-
JKMBAIOIMX TPUOOPOB B KaXKJA0M u3 N y3JI0B HE IIPEBOCXOIUT M.

Mpsr ucciemgyeMm yCTofYuBOCTD MIPEAEJIBHOTO JETEPMUHUPOBAHHOTO IIPO-
mecca, nmosrygaemoro mpu N — 0o. Jlasee, Mbl IpUMeEHSIEM HAINA PE3yIHTa-
THI K CUCTEME MACCOBOT0 OOC/IYKUBAHUSI CO CJI0XKHON TUCIUILINHOMN BBIOOPA
pubopa.

Kitouesbie ciioBa: MapKoBCKHe POLECCH, HEJIMHEHHbIE JMHAMUYECKUE CUCTEMBbI,
ry100aJibHast ACUMIITOTHYECKAs YCTONYUBOCTh, ITPOU3BO/AIIUNA OlIEePaATOP, CXO/IU-
MOCTb, METOJI, CPEJIHETO II0JIsl, TEOPUsl MacCCOBOI0 OOCTyKUBAHMUSI.
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1 Bsenenne

Paccmorpum cetb w3 N y3710B, 1 BUpPTyaabHOTO y37a U 7N 0OCIYKHUBAIOITUX
npubopoB. B KaxKiplil y3e1 MyacCOHOBCKMM MOTOKOM € MHTEHCUBHOCTBIO A(t) 110-
CTynalOT 3asdBKH. HyaCCOHOBCKI/Ie NIOTOKU 3adBOK B Da3HbI€ y3JIbl HE3aBUCUMBI.
3asiBKa, HOMAaBIIas B IIyCTOR y3es, mOKugaeT cucreMmy. Eciau 3asiBKa monajgaer B
y3eJ1 ¢ nmpubopamu, TO CIy4aiiHO U PaABHOBEDPOSTHO BBHIOMPAETCs OAWH U3 NPUOO-
POB, KOTOPbI 3abupaeT 3adBKY U NEPEXOJUT B BUPTyasbHbIH y3ea. Tam npubop
HaXOJIUTCSI SKCIIOHEHIINAJIBHO pacIpeeeHHOe BpeMs CO CPeJHUM 3HadeHueM 1,
3aTeM MpuOOpP IepeMeNiaeTcs B y3eJ, PAaBHOBEPOSITHO BhIOMpaeMblii u3 Bcex [N
y3s0B. Eciu uncio npubopoB B BEIODAHHOM y3J1€ PaBHO M, PUOOD KIET CIeTy-
I0Ielt TONMBITKY B BUPTYAJbHOM y3Ji€ SKCIIOHEHIIUAJBHO PaCIpeie/IeHHOe BpeMst
co cpeqauM 1. Takum 06pa3oM, B KaxKI0M y3ie (KpoMe BHPTYAJbHOTO) MOYKET
HaxouThest OT 0 10 M TPUOOPOB.

Beenem apobu fr = ng/N, V. = W/N, tne ny — (cayuaiinoe) uncio ys-
JIOB, KOJIMYECTBO MPUOOPOB B KOTOPHIX paBHO k, a W — konmmuecTBO mpubOPOB,
HAXOJANIUXCSA B BUPTYAJIBHOM y3Jjie. B TeXHUYeCKHMX Iesigx yA0OHO mepeilTu K
HAKOILIEHHBIM BEPOSITHOCTSM Uy = » o, f;.

[TpocrpancTBo Xy cocTosinuii MapkoBcKoro mpouecca Uy (t), KoTopblii omucs-
BaeT CUCTEMY, COTIEPYKUT BCeX TAKHe BEKTOPA U = (U1, - - -, U, V)" w3 (1/N)ZTH,
YTO

l=wy>u1>...2u, >0, V>20uV+u +...+u,=r. (1)

[TpousBogsimuit oneparop A (t) nponecca Uy (t) neiicrByer Ha dbyHKunu u 3312~
ercsi CJIeIyIoImMM 00pa3om

A f(u) = NA(2) Z_:(uk — up41)[f (v — e /N + emi1 /N) = f(u)]+
+ NA@)um[f(u = em/N + emi1 /N) = f(u)]+ (2)
+ NV (wey — wi)[f (w+ ex/N = emy1 /N) = f(u)],

r7e e; — BEeKTOD, i-Tasd KOOPAMHATA KOTOPOTO PaBHA 1, a OCTaJlbHBIe KOOPINHATHI
paBHbI 0.

MeTon, cpeaHero mosd IOJCKAa3bIBaeT, uyTo B mpejesne npu N — 0O 3BOJIO-
Mg U CTAHOBUTCA JeTepPMHUHHpPOBaHHOH. Bosee Touno: mycrs X o3HauaeT MHO-
’KecTBO Beex BekTopos R™ ! | ynosnersopsiomux (1). Torna, eciu pacnpe/iesenue



HauaiabHoro cocrostuust Uy (0) cxomurest K AMPaKOBCKOil Jenbra~-hbyHKIMT, CKOH-
HeHTpUpoBanHoil B Touke g € X, 1o pacnpenenenne Uy(t) cocpemoraduBaercs
upu 6osbmux N nHa Tpaekropun u(t) € X, yaosnerBopsiomeii cucreme udde-
PEeHIMANbHBIX yPaBHEHU

w= [(u(t), A(t)), 3)

rje

fz(u,)\) = )\(uH—l - U’z) + V(ui—l - ’U,i), 1= 1, e, M — 1, Ug = 1,
(U, A) = =M + V(Upm1 — up), (4)
fm+1(u, )\) = )\u1 - V(l - um)

TexHuueckuM MHCTPYMEHTOM B UCCJI€/IOBAHUU TOBEJEHUsI ITOW HEJUHEHHON cu-
CTEeMBI CIYKUT TeopeMa 3.3 O I100aJbHOU aCMMOTOTUYECKOH YCTOWYUBOCTH CH-
creM nuddepeHIuaIbHBIX YpaBHEHUN BecbMa O0IEro BHjIa. JTa TeopeMa, KOTO-
pad, B 4aCTHOCTHU, JaeT BO3MOXKHOCTb UCCJIELOBAThL CIy4ail 3aBUCUMBIX OT Bpe-
MeHU KO3 DUIUEHTOB, TPEACTAB/IIeT HECOMHEHHBII TPAKTUYECKHi ¥ TeOpeTHye-
CKUIl MHTEpecC.

2 OcHOBHBIE ONpe/ieJIeHIsI U PE3yJIbTAThI

Hopwma ||-|| onpenensiercst kak ||u|| = |ui| + ... + |uy| + |V]. Mst npeanonaraem,
q9TOo 3
min A(¢) = A > 0 u sup \(t) < o0. (5)
tzr t>7

Teopema 2.1. ITycmv A(t) — kycouno-nenpepwenas pynxuyua. Tozda

(a) das scex g € X 6 X cywecmeyem eduncmeennoe pewenue u(t, 7, g),
t > 7 3adanu Kowu (3) cu(r, 7, g) = g;

(6) cywecmsyem maxoe vy > 0, wmo daa a0bwz g, g € X

lu(t, 7, 9) — u(t, 7, ¢)|| < const-exp (—=y(t — 7));

(8) ecau Pynryus A(t) nepuoduueckasn ¢ nepuodom T, mo cywecmsyem ma-
xoe eduncmeennoe g* € X, umo u(t, T, g*) asasemca T-nepuoduseckum pewe-
nuem (3) u das aobozo g € X

||U(t, T, g) - u(ta T, g*)“ < const - €xXp (_7(t - T));

(2) ecau A(t) nocmosanna, mo cyuwecmeyem u eduncmeenno maxoe g* € X,
wmo u(t, 7, g*) = g* u das mobozo g € X

lu(t, 7, 9) = g7l| < const - exp (=y(t = 7)).



Cranmonapuoe pemenne ¢* myukra (r) jerko naxoxurest (em. [1]). Onpegenum
cemeiicrBo oneparopos Ty = Tx(t, 7) mo npasuiy

Tn(t,7)f(9) =E(fUn(t) | Un(T) = 9), g € Xy (6)

Teopema 2.2. Ecau A(t) xycouno-nocmosanna, mo dasn ecex f € C(X), pasro-
mepro no t ma npoussoavrom ompeske us RY = {t > 7},

lim sup sup |Tn(s,7)f(g9) — f(u(s, 7, 9))| = 0. (7)

N—=00 r<s<t ge Xy
O6oznaunm uepes €, neapra-mepy Jupaka, cocpesorouennyio B Touke g € X.

Teopema 2.3. ITycmo swvinoanenv. yeaosus meopemo, 2.2. Ecau Uy (T) no pac-
npedeneruto crooumes K €4, Mo

Vit > 7 sup ||Un(s) — u(s, 7, 9)|| = 0 no sepoammnocmu.
T7<s5<t

Ecnu A(t) nepuonmuna ¢ nepuogom 7', To nponecesl Uy (n) = Un(t+nT), roe
n=20,1,...,00pa3yloT MHOXXECTBO OJIHOPOJAHBIX Ierneit MapkoBa ¢ JUCKpPETHBIM
BPEMEHEM M KOHEYHBIM YHUCJIOM COCTOAHUI, KaxKJas U3 KOTOPHIX B CUJLY CBA3-
HOCTH 00/1a/1a€T €MHCTBEHHON MHBAPMAHTHON Mepoil iy = [y i1 IlyHKT (B)
TeopeMbl 2.1 yrBepxKaaer, 4To y cucrembl (3) CyliecTByeT eMHCTBEHHbIH WHBA-
puanTHbI uuka u(t, 0, g*).

Teopema 2.4. ITycmov \(t) = Xt +T). Toeda

(a) dna t € [0,T) na muoocecmee X cywecmeyem eOUHCMEEHHAA BEPOAN-
HOCTIHAA MEPA, UHBAPUGHIMHAA OMHOCUMEALHO JUHAMUNECKOT cucmemv, § —
u(t+T,t,9), g € X. Oma mepa cocpedomonera ¢ mouke u(t, 0, g*), m.e. pasha
Cu(t,0,9*)7

(6) uneapuarmmvie mepo, pny npoyeccos Uy y CTOOAMCHA NO 6EPOAMHOCTIU K
Eu(t,0,9%)s

[Toceusisi Teopema OXBATBIBAET TakKe caydait A(t) = const. [eitcrBurens-
HO, TOTJA [Ny = [N, A€ [y — CTanuOHApHAs Mepa nponecca Uy U [y — €4+ 110
BEPOSITHOCTH.

3 BcnomorareabHbIE YTBEpP2KJECHN A

3.1 KosdduimmeHT 3proanvIHOCT U €ro CBOICTBA.

Beegem smneitnoe nopnpocrpancrso L = {r € R* : zy + ... + z, = 0}. Jlu-
ueiinoe orobpaxkenune A: R* — R" nazosem wmaproscrum, ecim AR C R, (1,
.. 1)A = (1, ..., 1). Bamerum, uro orobpaxkenue A — MapKOBCKOe, €CJIH €ro



TPAHCIIOHUPOBAHHASI MATPUILA sIBJIsieTCst croxacTudeckoit. [Iycts A = aB — oto06-
parkeHwue, MPONOPIMOHAJILHOE MAPKOBCKOMY oTOOparkeHnio B ¢ koaddumnueHTom
nponopimonaabHoctu ¢ > 0. Jlast Takoro orobparkenust A onpenesum koaghgu-
yuenm apeoduunocmu k(A) o npasuiy k(A) = ||A|| — ||A||z- 3zech

[All = sup [|Az| = max||Ae;,
z€R™ ||z||=1 ¢
[AllL = sup || Az|| = max||A(e; - e))[|/2, (8)
z€L,||z||=1 29
rie ||z|| = |zi| + ... + |2a|, a {ex} — cranmaprbiit 6asuc B R”. Ormernm, 4To

|B|| =1, k(B) = 1— ||B||lr. u k(A) = ak(B). dna croxactuueckux marpun B”
ko3ddutument sproguanoctu Bees P.JI. JIoOpyIiuH u ero omnpeaeseHne COBIIaIaeT
¢ HammM (cM. [2, ¢.77, (1.12°)] u |3, ¢.372, (3.22)]). Hamre onpenenenne obiaaer
Ba>KHBIM CBONCTBOM MOHOTOHHOCTH, NOKa3aHHbIM B JIEMME 32

Jluneitnoe orobpaxkenne A neompuyamenvro (nososcumenrvho), ecim AR C
R? (AR} C Int(R%)). Ecin A — B meorpunarensso, Mel mumem A > B, (ecin
A — B nonoxwurenbuo, A > B). U3 onpenenenuii cieyer, 9To MATPUILBL IPOCTO
CPaBHUBAIOTCS ITOKOMIIOHEHTHO.

B nanbneiireM HaM TOTPeOYIOTCS CJIEIYIONIHE IBE JIEMMbI OTHOCUTETHFHO HEOTPH-
[ATEJTbHBIX MATPHIL.

Jlemma 3.1. IIyemv A> B>0uC > D > 0. Tozda AC > BD > 0.

Jlnst moKa3aTesibCTBa JOCTATOYHO CJI0XKUTHh HepasencrBa (A — B)C' > 0 u
B(C — D) > 0. Ilo unaykuuu u3 3710ii JeMMbl mosydaeM, uro eciu A, > B > 0,
LA, >B>0,10A,.. A > B"

Jlemma 3.2. Ilyemv» A = aC u B = bD, 2de C' u D — maprosckue omobpa-
orcenun u a, b > 0. Ecau A > B >0, mo k(A) > k(B). Ecau A > B > 0, mo
k(A) > k(B)

Joxaszameavcmeo. Ilycrs ||A|| = a, ||B|| = b. Beuay HepaBeHCTBa TpeyroabHUKA
|AllL < [[A= Bl +||B||z- Eciu A—B >0, o, sBBuay (8), |[A—Bllz < |[|A-B]|.

[Tockombky ||[(A — B)e;|| = a — b, To ||A — B|| = ||A]| — ||B||- Cnenosarensho,
|Allz < [[All = [|Bll+ | Bl wma || B|| = [| Bl < [|All = [|Allz, aro m TpeGosanoce.
Cnyuait A > B paccMaTpuBaeTCss aHAJOTHYIHO. O

3.2 TI'mobGasbHadg aCUMITOTUYECKAs YCTOWYMBOCTH HEKOTO-
PBIX JUHAMUYECKUX CUCTEM.

PaccmoTpum cucremy nuddepeHuanibHbIX ypaBHEHUH

= f(z,2(t)), x € R, z(t) € Q, (9)



rie ) — KOMIAKT B €BKJIMIOBOM IpocTpaHcTBe, f(z,z) muddepenuupyemo no x
u MaTpuia JAkoou

J(z,2) =0f/0x = (0f;/0x;)
HelpepPbIBHBI 110 CBOMM apryMeHTaM. DTH yCJOBUs 00€CIIeYMBAIOT CyIECTBOBAHIE
U eJMHCTBEHHOCTH pemenus x(t, ty, g) cucremst (9) ¢ z(ty, to, 9) = g.
[TomoxKuM 10 OIpeIe/IeHIIO

a(z) = —miiniréi)r(l Ji(z,z), X CR". (10)
Iycrs Y7, x; — uepsblii unrerpan cucremst (9), ve. Y . fi(z,2) = 0. Orcona
cnenyer, uro J(x, z)L C L. Msl Hamoxum Oojiee CHIbHOE OIpAHUYEHUE: IIJisl
Becex t > 0, z € X u z € Q marpuna exp(tJ) 3amaer MapKOBCKOe 0TOOparKeHue,
YTO SKBUBAJIEHTHO YCJIOBHIO HEOTPHUATEILHOCTH HEIMATOHAILHBIX 3JIEMEHTOB U
PaBEHCTBY HYJIO CYMMBI BCEX CTPOK MaTPHIBI .J.

[Tycts X — KOMIIAKTHOE BHIYKJI0€ MOAMHOXKECTBO appUHHOrO MHOr00Opas3us
L+ ¢, ¢ € R*, u, xpome Toro, X MHBAPUAHTHO OTHOCUTEJHHO JMHAMUIECKOIL
cucremsl (9). Temepb npeanonokum, 4ro cylecTByer Takas marpuna B > 0, 4ro

(a) must Beex z € Q, xz € X J(z,2) + (( + a(z2))] > B, tge I sBasiercs
eaquHUYHON Matpuneit, ¢ > 0;

(6) B — nmponopuuoHajbHa MapKOBCKOH MaTpUIe W JJisi HeKOToporo ng € N
kodbdunuent sproguunocru k((L + B)™) > 0.

Teopema 3.3. Jas awbozo to € R u m > 0 omobpascenue z(ty + 7, to, -):
X — X asasemesa cocumarousum. Ecau, ceepxr mozo, npu durcuposarnrom T u
purcuposannot dynryuu z(t)

to+7
sup exp (/ a(z(t))dt) =C(71) < o0,
toER to
mo koafpuyuenm cotcamus omobpascenus x(to + T, to, +) pasromepro no to
ozparuser ceepry “ucaom q < 1.

Joxaszameavcmeo. Ilycrs ®(tg + 7, by, g) = 0x(to + T, to, g)/0g marpuna Hdxobu
orobpaxkenust x(to+7, to, -): X — X. Torna ® 3amaer MapkoBcKoe 0TOOparKeHue.
U3 teopun nuddepennuaabubix ypaBHeHu# u3BectHO, 4yT0 O = J (x(to + 7, to,
9), 2(t))®(to + 7, to, g), ®(to, to, g) = I (570 — T.H. ypaBHeHHe B BApPHALUIX).
Beenem

U(r) = Bexp (gT + / o a(z(t))dt)

to
A1) = J(z(to + 7, t0, 9), 2(t)) + (¢ + az(to + 7)) 1.
U3 nepasencrsa A(7) > B u ypasuenus V'(7) = A(1)¥(7), ¥(0) = I, c
HOMOIIBIO JIEMMBI 3.1 MOXKHO IOJIyYUTh CJIEAYIOIHe ONEHKN:

7" exp(—7)

U(7) > exp(7B) > (ny)

(I + B)™.



[Tpurumass BO BHUMaHUE JIeMMY 3.2, TIOJIy4daeM

7" exp(—7)

() >

k(I + B)™) > 0.

[TockonbKy

E(®) = k(T) exp (—CT _ / o a(z(t))dt),

to

obuapyxusaem, aro k(®) > 0, wm ||®| — ||®||. > 0. [Hockonsky ||@] = 1,
HAXOJUM, UTO SUP,ey ||®|[z < 1. Ipu yenosun C(7) < 00 JIErKO MOMYYUThH paB-
HOMEPHYIO OLEHKY 110 Ij.

Haxkomen, moJio:kum

Y(s) =(1—5)g1+592,0<5<1, g1, 92 € X.

Bameuast, uro ¥'(s) = go — g1 € L, nosy4yaem

1
[ (to + 7, %0, g2) — x(to + 7,10, g1)|| < / 12 (to + 7, %0, 7(s)) 7 (s)llds <
0

1
< SuP||@||L/ 17 (s)llds = sup||®||.|lga — g1]|-
geX 0 geX

[Tocnennee o0Ka3bIBaET TEOPEMY. O

4 Jloka3zaTejibcTBa TeopeM 2.1-2.4

Jokasameavcmeo meopemo, 2.1. Matpuna lkobu J npasoit yactu (3) paBHa

(—5 A0 ... 0 0 (1 —uy) \
JwA)={: = o : :
0 0 0 B A (Um—z — Um_1)
0 0 Vv _B (U’m—l - um)
\A 0 0 0V —(l-un) )
e B=A+V.

[IpoBepum BhITIOTHEHWE YCI0BUN TeopeMbl 3.3. Bo-mepBoix, MHOXKeCcTBO X 4B-
JIfieTcs BBITYKJIBIM KOMIAKTHBIM HOAMHOXKecTBoM R™T! 1 gpigerca mommmoxe-
cTBOM adPUHHOTO MHOT00Opa3us L+71€ey, 11, Tae L — quHeiiHOe TOAIPOCTPAHCTBO
R™*1 pexTopos ¢ cymmoit KoopaunaT pasHoit 0.

Bo-Bropsix, marpuiia flkobu 3ajaer mapkoBckoe orodopakenue ¢ u

a(A) = —minmin J;(z, \) = max(A +r, 1+ r/m).

i zeX



Hanee, J(z, \(t)) + (A + a(\(t)))] > B, rae

0 X0 00 0
(ooﬂ.ooo\
000 ... 000
B = : R
0 0 ... 0XO
0 0 00 0
\} 0 0 00 A

A ompesiesiena & (5).
Marpuna (I + B)™ umeer ciieayomyi By

(* * 0\
0 =* 0
00 0

I+B)"=]: @ ],
000 * 0
0 0

r7ie * 0003HAYEHBI TOJIOYKUTE/IbHBIE HTEMEHTHl MATPHUIIHI.

Orciona Boitekaer, yro k((I + B)™) > 0. Ocraercss npoBepuTh WHBAPUAHT-
HocTh X oTHOCUTENBHO (3).

Jlocrarouno nposeputh uHBapuaHTHOCTh Int X. Eciu nocnejanee yrsepxk/e-
HU€ BBITNIOJTHEHO, BBUJLY HEIPEPBIBHON 3aBUCUMOCTH TpaekTopuii (9) oT Haua IbHO-
0 yCJIOBHs, BesiKoe pernenue (9) ¢ HauaabHO TOYKON Ha OTHOCUTEIbHOM IpaHuIie
X, Hukorna He mokuuer X.

[Iycts KOMIOHEHTHI BeKTOPA U(T, T, ) = (u1(7T), - .., Um(7), V(7)) € Int X.
BrinosiHeHBI cieyIoniye CTporue HepaBEeHCTBA

l=uy>ur>us>...>u, >0,V>0. (11)

[Iycrs qs oboro t € [7,t) u(t, 7, g) € Int X, mo u(ty, 7, g) ¢ Int X. B momenT
to HeKoTOpBIe HepaBeHCTBa B (11) mpeBpaIaoTCcst B PABEHCTBA.

av <
Ecim V (ty) = 0 1o e = A(to — 0)uy(to) > Ar/m > 0 u MBI TpUXOIUM
t=to—0
K IPOTHBOpeYHIo ¢ TeM, uto V(ty) — V(t) < 0 mua t < to.
CanenosarennHo, 3aBegoMo V (tg) > 0. JIjist yMeHbIIEHUsS] YUCIA YACTHBIX CIIy-
YaeB BBEJEM BUPTYAJIbHYIO TEPEMEHHYIO Upyi1 = 0. C ee MOMOIIBbIO MBI MOXKeM

HepenucaTh Bbpazkenue st fr, B (4):

fn(u, A) = AMtma1 — Um) + V (Um—1 — Um)-



[Tockonbky 1 = ug > Uyp1 = 0 BO3MOXKHBI TOJBKO CIEAYIONUE JBA CIydasi.
1) CymecrByer Taxoe i, 910 u;_1(to) = ui(to) > uit+1(to), 2) cymecrsyer Takoe j,
4TO Ujfl(to) > u_j(to) = U,j+1(t0).

du;— du;
B cayuae 1) 20t = V(to) (uis(te) — u;_1(ty)) > 0, i =
dt t=to—0 dt t=to—0
d(ui—1 — u;
Ato — 0)(uir1(to) — ui(to)) < 0. Iomyuaem % > 0 ¥ IPUXOTUM

t=to—0
K TIPOTHBOPEYHIO ¢ TeM, uTo [u;_1(to) — u;i(to)] — [ui—1(t) — &Z(t)] < 0 npu t < t.
Caydaii 2) paccMaTpUBaeTCs aHAJOTMYHO. AHAJOTHYHAS Hes HCIOIH30BAIACH
B [4, Jlemma 2.

[Ipumenenue Teopembl 3.3 jlaeT Bce 3aKJIIOUeHUs] TeopeMbl 2.1 W 3aBepiiaer
JI0Ka3aTeJabCTBO. O

Jlokasameavcmeo meopemo, 2.2. Be3 norepu obmHocTu npegnoaokum A(t) = A
Juist goboro t, caeposarensho, Ty (t,7) = Tn(t — 7). Teneps Bocmosb3yemcst
MEeTOJIOM, M3JI0YKEHHBIM B [2].

[Tycrs C(X) — 6aHaxoBO HPOCTPAHCTBO HENPEPBIBHBIX (byHKIMiT HA X € paB-
HOMepHO# MeTpukoii || f|| = I;lea)?d f(z)|. Onpenenum noayrpynny T'(t) ma C(X)
0 TIPABUITY

T(t)f(g) = f(u(t, 0, g)). (12)

B pasgene 2 mbr onpenesnin nonyrpynny Ty (t) = Ty(t,0) na C(Xy). Iony-
rpynust T'(t), Txn(t) cunbro HenpepbiBabl. [lycts A (Ay) o6o3navaer npousso-
nsmit oneparop noyrpynust 1(t) (Ty(t)). O6osnaunm uwepes D(A) obnacthb
onpenenenust oneparopa A. Uz (12) cuenyer, uro f € D(A) mis s060oii dyHK-
wn f € C(X) c

Of JOur, ..., 0f |Oum, Of JOV, O°f)0%ur,...,0%f | um, O°f 0%V € C(X).

O6o3nayuM dyepe3 D MHOXKeCTBO BcexX TakuxX (pyuknmit. MoxKHO moka3arh, uto I
sIBJIsieTCs CyInecTBeHHBIM (core, cM. |4, ¢.31] u [5]) moampocTpancTBOM OmEpaTO-
pa A. BBuay Teopem 0 CXOAMMOCTH MapKOBCKHX TPOIECCOB (CM., Hampumep, |5,
Chapter 1, Theorem 6.1]) goctaTouno npoBepuTh, uTo M1 Beex f € D

im sup [Ayf(z) - Af(z)| = 0,

1
N—oo wEXN
YTO MOXKHO HPOJIEJIATH aHAJIOTHIHO [4]. O

Hokxazameavcmeo meopemn, 2.3. Teopema dBJsieTCs CI€ICTBUEM TeOpeMBI 2.2 H,
nanpumep, [5, Chapter 4, Theorem 2.11]. O

Jlokasameavcmeo meopemo, 2.4. TIyHKT (a) BoITeKaeT U3 myHKTa (B) Teopembr 2.1.

ITepeitnem x noka3arenscrBy myHkTa (6). [IycTs py: — WHBapHaHTHasT Mepa
nponecca Uy (n). MuoxkecTBO X KOMIIAKTHO, CJI€JOBATEIBHO, MHOXKECTBO Be-
POSITHOCTHBIX Mep Ha X TakKe KOMIIAKTHO OTHOCHTEJNHHO CJabOoil CXOAuMOCTH.



U3 teopembl 2.2 ciejyer, 4TO BCSKasi Mepa [, SIBJISIONIAsICS TPEIEIbHONU TOY-
KO JIst IOC/IEJ0BATEILHOCTH MeD [iy 1, ”HBAPUAHTHA OTHOCHTE/IBHO TIOJLY DY IIIIEL
T(t+nT),n=0,1,....BBuxy nyukra (a), u; coBuajgaer ¢ Mepoii, cocpeioro-
4eHHO# B TOuKe u(t, 0, g*) ¥ 10KA3ATEJBLCTBO 3aBEPIIEHO. O

5 3Bameuanune o mojean u3 [4]

B [4] paccmoTpena Mozesh cucTeMbl 00CTyKuBaHus Sy, ¢ N 0AUHAKOBBEIME 06CITY-
JKUBAIOIIUMHE TTPUOOPAMHU ¢ HEOIPAHWYEHHOMW ovepeIbio K KayKJIOMy M3 HUX, Ha-
MOJTHSIeMasl TyaCCOHOBCKUM BXOJHBIM TIOTOKOM € MHTeHCUBHOCTHIO N A. Bpemena
00CyKUBaHUS H.O.p. YKCIIOHEHIIUAJIbHO cOo cpeauuM 1. [Ipu npubbitun Kaxkaas
3asBKa BHIOMPAET CJAy4ailHO 2, BOBMOXKHO, COBIAIAIONMX, IPHO0Opa (¢ BEPOSITHO-
creio 1/N?) u 3aTtem HampapJisieTcs K IpUOOPY € MeHbINeil odepeabio (BKI0Yasa
3asBKY, HAXOIAILYI0Cs B 06CyKuBanun). Eciu ouepean Kk 060uM mpuGopam o/1u-
HaKOBBI, 3asIBKa HAyTaJ PABHOBEPOSITHO BHIOMPAET OJIHY M3 HUX. MBI paCCMOTPUM
cucreMy S} C OrpaHMYeHHEM M HA MAKCHMAaJbHYIO JJIMHY odepenu. B cucreme
ST 3agBKa, BEIOpaBIIasg 00e ouepeny ¢ m 3asgBKaMU, TOKH/IaeT CHCTEMY.
YpaBHeHus cpejHero noJist jjist Sy npu N — 00 UMEIOT CileyIonui BuJ

g = (Uppr —ug) + Muz_; —u2), k=1,...,m—1, (13)
U, = — Uy, + /\(ugn—l - U’?n)v
e 1 = vy > uy > ... > Uy > 0, up — gosss npubOpPOB, B oYepesu K KOTO-

PBIM CTOUT He MeHbBINe k 3asBOK (BKIOYAs 0OCTYKMBAEMYIO B TaHHBII MOMEHT).
Brenem nepemennyio V':

V=u+ M, = AV >0,V(0)=m— Y u(0). (14)
=1

[Tycts 2 € R™*! 06osznagaer BexTOp

(1, oy Ty1) = (UL, ey U, V).

Banumem cucremy (13), (14) caeayrommm o6pazom

= f(z,A) (15)

MuoxkecrBo X (cM. pazzgen 3.2) onpejessiercs: Tak:

m
X={zeR" 1>z >...>2, >0, xm+1+2xi=m,xm+1 > 0}.
i=1
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Beuny [4, Jlemma 1], mHoxkectBo X muBapuanTHO oTHOCHTesbHO (15). Haitgem
Marpuily fkobu

(—/51 1 0 ... 0 0 0)

s —f 1 ... 0 0 0

J(z,A) =] : S S
0 0 0 ... —Bna: 1 0

0 0 0 ... 2Mpy —Bm O

\1 0 0 ... 0 2w, 0

riae f; = 14 2Au;. Beuny (10) a(A) = 1+ 2A. Scuo, uro J(z, A\) + a(N)I > B
e

(0 10...00 0\
00 1. 0 0O
0 00O 0 00
B=1|: :: R
0 0O 010
00 ... 00O
\l1 00 ... 001
Marpuna (I + B)™ umeer ciepyommii Bu
/* * 0\
0 = 0
0 0 0
I+B)"=|: 1 1 1 1o,
0 0O * 0
0 0

rae * 0603Ha‘1aeT OJIO2KUTEJIbHbIE 9JIEMEHTbHI MaTPHUIIbI.
Orcrona Beitekaer, uro k((I + B)™) > 0 u, c1e10BaTeIbHO, CIPABE/JIABA,

Teopema 5.1. /laa mobozo A > 0, dunamuueckan cucmema (5.1), (5.2) umeem
eOUHCMBEHHOE IKCTIOHEHUUAADHO 2400aADHO YCMOTHUBOE CMAYUOHAPHOE DPeuie-
Hue.

Paccmotpum cucremy
@ = f(z, A1), (16)
riae f(z, \) onpenenena B (15), a T-nepuoguunas dynkuust \(t) Kycouno-uenpe-
poisHa ¢ inf A(t) > 0.
Caenyromas TeopemMa HeloCPEJICTBEHHO BBHITEKAET U3 TEOPEMBI 3.3.

Teopema 5.2. Junamuueckas cucmema (16) umeem eduncmeennyio sKCnoHeH-
YuaALHo npumazusarowyro 1I'-nepuodunyro mpaexmopuio.
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