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renormalizations method was successfully used in other dynamical problems such as
complex universality, KAM-theory, circle dynamics, critical invariant curves and many
others [1, 5–7, 9–18, 21–23, 25, 30, 31, 33–49, 51–55, 57–67, 69–73]. The literature on
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the case i). The number of singularities of the homeomorphism Ib ◦ Ia obtained depends
on the choice of a and b. Below we assume without loss of generality that a and b are
passing through the point C.

Let a be the internal bisector of the angle 2α between two distinct tangents to the
curve a



74 K. Khanin, D. Khmelev

the breaks cA
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where

x0 − xqn−1 = x
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Lemma 2.

)Tf )2.
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that the homeomorphism Tf is n-times renormalizable if and only if the rotation number
ρ(Tf ) =
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Let us introduce a new variable v = (c−a−b)/b, so that b(a, v, c) = (c−a)/(v+1).
Then

Fa,v,c(z) = F̃a,b(a,v,c),c(z) =
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Lemma 7. Fix any positive c �= 1. Then the following statements hold.

(i) ρ(Tc,v,c) = 1/2 for all
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Denote by D1/2(c) the domain of whose (a, v) ∈ �c such that the last inequality holds
and a < c
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function on [a0, a1/2]. Hence, the continuous function ρ(a)
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The last two inequalities hold since rN1−1 ≤ λ(N1−1)r0 < (1/λ − 1)(c − 1) by choice
of N



90 K. Khanin, D. Khmelev

This lemma is proved by direct evaluation.

Lemma 10. For all (a, v) ∈ �c we have U(y) ≥ 1/8c > 0 for all y ∈ [0, 1/(1 + a)].

Proof. Notice that U(0) = (v + 1)(c − v) ≥ 0 and U(1/(1 + a)) = av + c ≥ 0 for all
(a, v) ∈ A. Now consider the vertex yU of U(y),

yU = −a − 2c + 2v + 1

2(a + 1)(c − v)
.

Notice that yU ≥ 0 if and only if v ≤ c − a/2 − 1/2. Therefore it is enough to take into
account U(yU ) only for (a, v) ∈ B ∩ �c, where

B = {(a, v) ∈ �c | v ≤ c − a/2 − 1/2}
= {(a, v) | 1/2 ≤ a ≤ c, c − 1 − a ≤ v ≤ c − 1/2 − a/2}.

Consider P (v)
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It follows from Lemma 13 that for any irrational ρ one can define a function aρ(v)

on v ∈ [0, c −
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lie above the diagonalie abovPeriodic322.2(diarajectories322.2(difor5(v)15(e)5(v)15(ehomeomorphism 0 9./F50 0 8.27.3378740TD
ie)7norm(Tf)Tj
7.57172 7407.57172355.7739 738.5955gs
0 Torm(a)Tj
86 0 0 8.9626 72 740.0898 T363.608
[(lie)-322.2(abaronalie)-3generated 0 9.-29.2702 -1.12660TD
[(onl)]TJ84)-3b)]TJ84
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Otherwise monotonicity implies the existence of an interval of points x such that there
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Let ρ = [k1, k2, k3, . . . ] be an irrational rotation number. Consider a sequence of
convergents

pl

ql

= [k1, k2, k3, . . . , kl].

Denote

p̃1

q̃1
= [k1, . . . , k2n] <

p̃3

q̃3
= [k1, . . . , k2n+=[k1, . . . , k 2n+1]1�p2�q2
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for some C4 =
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we finally get

yq2n+1(a2) − yq2n+1(a)

|�(2n+1)
0 (a)|
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Proof. Equation (16) gives

v′ =
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Lemma 21. Let (a, v) ∈ I2
c . Then

Dc(a, v) = −a′
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Proof. It follows from (36) that

|det dRc(a, v)| = |Dc(a, v)| = a′

a

(1/c + v′a′)
a + v − (c − 1)

. (39)

It follows from (16) thatε�
a
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Notice that ρ(T
α

(n)
1 (n),v

(n)
1 (n),c

) = [1+4] = 1/�(T�

(n)
1
( n ) , v

(n)
1

( n ) , c) = [ 1+
4 ]= 1/
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Denote

�1 = {(a, 0) ∈ 0 < a ≤ 1}.





Renormalizations and Rigidity Theory 109is compact we immediately get that for any 0 there exists n(�) such that
n(�) �, v (indeed one can choose a finite subcover of compact
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Suppose now that ρ(f ) has a periodic continued fraction expansion with period q:
ρ(f ) = [k1, . . . , kq ]. Lemma 3 implies that the rotation number for the renormalization
pair (fnq, gnq) is given by

ρ̄ = 1

1 + 1/ρ(f )
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9. Proof of Theorem A

In this section we consider f , g ∈ Fc and prove that they are smoothly conjugate pro-
vided they have the same break c and share the same rotation number of bounded type.
Since the case c < 1 can be reduced to c > 1 by reversing the orientation of the circle





Renormalizations and Rigidity Theory 115

In the other case �
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Lemma 32. There exist constants α > 0, C1 = C1(C0, µ0) > 0, such that

|αn − α| < C1µn
0

for all n ∈ N.

Proof. It follows from (52) that
∣∣∣∣1 − αn

αn−1

∣∣∣∣ ≤ C0µn
0 .

Hence α

n=jξ/F1 1 Tfξ0.32573 TDξ(1)Tjξ/F9 1 Tfξ0.6024 0 TDξ(�)+jξ/F5 1 Tfξ0.5692 0 TDξ(�)εjξ7.5716 0 0 7.5716 10.46641 5fξ1.60372mξ(n)Tjξ/F6 1 Tfξ9.545 0 TDξ(�)Tjξ/F1 1 Tfξ0.78 0 TDξ(1)Tjξ/F9 1 Tfξ9.9626 0 0 9.9626 2816186 08006 60216mξ(=))Tjξ7.5716 0 0 7.5716 10..996857fξ1.60372mξ(n)Tjξ/F6 1 Tfξ9.545 0 TDξ(�)Tjξ/F1 1 Tfξ0.78 0 TDξ(1)Tjξ/F9626 0 0 9.9626 28185022 006 60216mξ(=,)-250.144(wr)3eTJξ/F6 1 Tfξ-13106 0 TDξ0.n
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Iterating (54) ri times yields

|ϕi(vi
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Hence
∣∣∣∣
|L|
|
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since
∣∣∣∣
|L′′|
|R′′| − |h(L′′)|

|h(R′′)|
∣∣∣∣ ≤ K5

∣∣∣∣1 − c2 + ε(g)

c2 + ε(f )

|R′|
|L′|

|h(L′)|
|h(R′)|

∣∣∣∣

≤ K6 max(µn
3, λ(f )n+m, λ(g)n+m).


�
Proof (Proof of Theorem A). Lemma 37 implies that for all adjacent L, R ∈ ξn,

∣∣∣∣
|L|
|R
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